Aiming at the demand for high-capacity wireless-fiber link, the coupling efficiency of Laguerre Gaussian (LG) vortex beam into parabolic fiber under atmospheric turbulence is first investigated. The coupling model is established based on vortex mode analysis in free space and fiber. Effects of turbulence on coupling efficiency are analyzed, from which the way for system optimization is proposed to mitigate the efficiency decline. We find that LG beam with small OAM number, low radial index and long wavelength is able to achieve higher coupling efficiency in turbulent atmospheric conditions. As for the transmitting beam waist of LG beam or the focal length of receiving lens, there exist optimal values to realize size matching between spatial and fiber modes for coupling. The results are beneficial to the design of coupling system.
Introduction
Data transmission between wireless and fiber channels is important in optical communication applications [1] . Traditional fiber coupling of free-space beams is based on single-mode fiber and investigated extensively. The basic model for coupling was established and the coupling efficiencies of different beams were analyzed, such as plane wave and Gaussian beam [2] - [4] . The coherence and polarization of beam source were also considered in coupling [5] . Given that atmospheric turbulence causes the distortion of free-space beams, its effects on coupling and mitigation ways attract attention. For example, adaptive optical correction was reported to help fiber coupling of satellite beam through atmospheric turbulence in space-to-ground communication [6] . Although single-mode fiber coupling has developed well, challenges still exist. A notable issue is that singlemode fiber doesn't support mode division multiplexing (MDM), which limits the further improvement of transmission capacity. Given that vortex beams carry orbital angular momentum (OAM) for MDM [7] , [8] , the coupling of vortex beams into few-mode fiber becomes a promising alternative.
Among different types of few-mode fibers, parabolic fiber is one which has parabolic refractive index profile. This refractive index distribution brings an advantage for coupling use, i.e., the eigenmodes of parabolic fiber match well with some free-space vortex beams and high coupling efficiency can be expected [9] . Kotlyar et al. made a mode analysis of parabolic fiber, showing that it supported the propagation of a specific hypergeometric Gaussian vortex beam [10] . As a proof of principle, Brüning et al. conducted signal transmission between free-space and parabolic fiber, using Laguerre Gaussian (LG) beam in a 4.5 m non-turbulent link [11] . Although the feasibility of fiber coupling of vortex beam has been demonstrated, the detailed investigations such as coupling efficiency haven't been reported. On the other hand, since atmospheric turbulence affects the shape of vortex beam propagating to fiber, the presence of turbulence should also be considered in coupling.
In this paper, we take LG beam for instance, to investigate the coupling of vortex beam into parabolic fiber under non-Kolmogorov turbulence. The turbulence-disturbed LG beam and the backpropagated fiber mode are derived, based on which the coupling efficiency model is established. From the coupling efficiencies of different LG beams in several turbulent conditions, we reveal the turbulence effects on fiber coupling of vortex beam and the way to optimize coupling system. The results are helpful for the development of vortex beam transmission in a hybrid wireless and fiber link.
Theoretical Analysis
To model the coupling of spatial beam into fiber, a system schematic is given in Fig. 1 . Considering the presence of focusing part in practical coupling system, an equivalent lens is used in modeling, with the fiber located at its focus. After a certain distance of propagation in turbulent atmosphere, the spatial vortex beam transmitted from the laser source reaches the lens and is focused into fiber.
The optical power coupled into fiber is determined by the field overlap between spatial beam and normalized fiber mode. Due to the Fourier transform characteristics of optical lens and Plancherel theorem, the evaluation of this field overlap at lens focal plane A and aperture plane A are equivalent, but the latter is more convenient [12] . So the expression of the coupled beam power P c is written as
where E (r , z) and F (r ) are the fields of spatial beam and backpropagated fiber mode at plane A respectively, the symbol · denotes ensemble average in atmospheric turbulence. As for parabolic fiber, the refractive index distribution in the core is given by
where a is the core radius, n 0 is the refractive index on fiber axis and is the refractive index dispersion parameter. The modes of parabolic fiber can be obtained by solving Helmholtz equation in cylindrical coordinates under condition of Eq. (2). A typical solution (i.e., fiber mode) is LG mode, whose field at fiber end face is expressed as [13] F 0 (r )
where σ 0 = (λa/πn 0 ) 1/2 (2 ) −1/4 is the fundamental mode waist, L |l 0 | P 0 (·) is the Laguerre polynomial, p 0 and l 0 are the mode radial index and angular OAM number respectively. This means that if using LG vortex beam as the spatial beam, complete matching of mode type between free-space and parabolic fiber can be realized for efficient coupling. Since Eq. (3) gives fiber mode field at plane A in Fig. 1 , according to the ABCD matrix formalism for the propagation of LG mode in optical systems [14] , the backpropagated fiber mode through lens (i.e., mode at plane A ) is derived as
where λ is the light wavelength and f is the focal length of lens.
In consideration of turbulence effects on spatial beam for coupling, Rytov approximation is used in weak turbulence regime. At this time, the turbulence perturbation on beam can be regarded as a pure phase perturbation [15] - [17] . So Eq. (1) is expanded as
where the term 2 (r 1 , r 2 , z) is the mutual coherence function of spatial beam in turbulence and has the form of
According to previous investigations, the phase perturbation is given by [15] exp
where ρ 0 is spatial coherence radius. In terms of spherical wave, ρ 0 is expressed as
where k = 2π/λ is the light wavenumber, z is the propagation distance, κ and (κ) are the spatial frequency and power spectrum of turbulence refractive-index fluctuation respectively. As for the typical non-Kolmogorov atmospheric turbulence, (κ) has a form of [18] 
with the term A (α), κ out and κ in given by
Here C 2 n is the refractive-index structure constant, L out and l in are the outer scale and inner scale factors of turbulence respectively, α is a constant within the range 3 < α < 4 and (·) is the gamma function. Particularly, when α equals to 3.67, Eq. (9) degenerates into the classic case of Kolmogorov turbulence.
By substituting Eq. (9) into Eq. (8) and using the following integral formula [19] 
we can get
where U (·) is the confluent hypergeometric function of the second kind. When LG vortex beam is used as the spatial beam, its field E (r , z) at plane A with a distance z away from the beam source, is expressed as [20] 
where w z is the fundamental mode radius diffracting to plane A , p and l are the beam radial index and angular OAM number respectively, z R is the Rayleigh range and δ z is the Gouy phase. The values of w z , z R and δ z are all related to w 0 and given by
where w 0 is the fundamental mode waist at source plane. By substituting Eq. (7) and Eq. (13) into Eq. (6), 2 (r 1 , r 2 , z) becomes
Then using the results of Eq. (4) and Eq. (15), we make the integral calculation in Eq. (5) with the help of the formula 2π 0 exp i n ϕ + τcos (ϕ − ϕ ) dϕ = 2π exp(i n ϕ )I n (τ),
so P c is simplified as
where R is the aperture radius, I l−l 0 (·) is the modified Bessel function of the first kind. Lastly, the incident beam power P i is considered. Since the weak turbulence perturbation on beam can be thought as a pure phase perturbation, the turbulence-induced incident power loss is ignorable within an enough large receiving aperture [12] . So P i is written as
Then according to the definition of coupling efficiency given by
as well as the expressions of P c and P i in Eq. (17) and Eq. (18), the efficiency of LG vortex beam coupling into parabolic fiber under weak turbulence can be analyzed.
Numerical Simulations
In this section, we simulate the variations of coupling efficiency with LG beam parameters and non-Kolmogorov atmospheric turbulence conditions. Since the turbulence-induced phase perturbation causes OAM modal crosstalk of LG beam, the beam at the receiver is actually the superposition of signal mode and crosstalk modes [21] . Here we only discuss the signal mode's coupling efficiency in the following simulations by setting p 0 = p and l 0 = l, while the crosstalk modes' coupling efficiencies are not considered. From the simulations, we expect to explore the turbulence effects on fiber coupling of vortex beams, and the optimized system to mitigate the coupling efficiency degradation caused by turbulence. Unless otherwise specified, the typical parameter values used for simulations are λ = 1.55 μm, w 0 = 0.03 m, n 0 = 1.46, = 0.01, a = 50 μm, f = 1 m, R = 0.2 m, C 2 n = 10 −15 m 3−α , α = 3.6, lin = 1 mm and L out = 1 m. To obtain high coupling efficiency, good mode matching between space and fiber is essential, including spot shape and size. Fig. 2(a) shows that under different propagation distance z, the LG beam waist w 0 has different optimal values for coupling. This is mainly attributed to beam diffraction broadening. According to Eq. (14), the fundamental mode radius w z of LG beam diffracting to lens changes non-monotonically with w 0 and has a minimum value w z min = 2zλ/π at w 0 = √ zλ/π. As for a fixed fiber fundamental mode size at receiving lens, the optimal spatial mode size w opt which matches best with fiber mode is also fixed. In conditions of shorter z (i.e., w z min < w opt ), the coupling efficiency η c reaches the maximum when w z = w opt . The equation (w z = w opt ) has two solutions, so there exist two optimal values of w 0 . But for longer z (i.e., w z min ≥ w opt ), η c reaches the maximum when w z = w z min and only one solution w 0 = √ zλ/π exists. So aiming at different z, the transmitted w 0 at source plane should be adjusted correspondingly. However, in many cases w 0 is fixed for laser source, changing the fiber mode size is an alternative. From Eq. (4) we can get the fundamental mode radius σ f of backpropagated fiber mode at receiving lens as σ f = λf/πσ 0 . By changing the focal length f of lens, the mode size matching can also be realized. Fig. 2(b) shows that when an appropriate f is selected, η c reaches its maximum. So in the design of receiving lens in coupling system, the beam propagation distance should be considered in advance.
Aiming at the mode division multiplexing of LG beams, the fiber coupling efficiency η c of beams with different OAM numbers l are discussed in Fig. 3(a) . Since the spatial mode size w z diffracting to lens varies with z (Eq. (14) ), we change f correspondingly in simulations to make the fiber mode size σ f always satisfy σ f = w z . So the mode size mismatch caused by diffraction is excluded to focus on turbulence effects. We find that η c of higher-order vortex mode is lower than that of lower-order mode and reduces more quickly when z increases. This can be attributed to OAM modal crosstalk in turbulence. The crosstalk of higher-order mode is stronger [21] , which results in lower detection probability of OAM signal mode at the receiver and then lower η c . So LG beam with small l is more resistant to coupling efficiency degradation in turbulence. In addition to l, the radial index p is another characteristic beam parameter. The multiplexing of LG beams with different radial modes has been reported [22] . Fig. 3(b) gives the variation of η c with p . The higher-order radial mode has smaller η c and weaker resistance to its decline. Thus it is better to choose LG beams with small l and p in multiplexing to achieve higher η c when atmospheric turbulence exists.
In order to investigate the optimized wavelength selection for fiber coupling in turbulent atmosphere, the coupling efficiency (η c ) under several wavelengths (λ) are simulated. These wavelengths locate in fiber transmission window which has lower absorption loss. Mode size matching for different propagation distances z is also considered by setting σ f = w z to eliminate diffraction influence. Taking two typical vortex modes for example, Fig. 4(a) and Fig. 4(b) show the variations of η c with λ for LG 10 mode (l = 1, p = 0) and LG 11 mode (l = 1, p = 1) respectively. The long-wavelength beam has higher η c especially in long-distance propagation. So in mitigation of the turbulence-induced coupling efficiency reduction, the usage of long-wavelength laser (such as 1550-nm laser) is more advantageous.
As for the influences of atmospheric turbulence conditions on fiber coupling of LG beam, the relationships between coupling efficiency η c and turbulence characteristics are discussed in Fig. 5 (σ f = w z , z = 1 km). With the increment of the refractive-index structure constant C 2 n , the turbulence level enhances, then η c decreases with no doubt. Moreover, the turbulence scale factors also have effects on η c . As shown in Fig. 5(a) , η c reduces with the decrement of turbulence inner scale l in . When l in is smaller, there are more eddies in the unit volume of atmosphere and a relatively stronger turbulence perturbation [23] . The turbulent atmosphere causes additional beam spreading besides diffraction broadening. If the fiber mode spot is fixed, the larger spot of spatial beam brings Fig. 4 . Fiber coupling efficiency of (a) LG 10 (l = 1, p = 0) beam and (b) LG 11 (l = 1, p = 1) beam under different wavelengths. mismatch of mode size in coupling. In the case of smaller l in , the turbulence-induced spreading becomes severer and the spatial beam is wider [24] . As a result, the coupling matching degree declines and η c is lower. Fig. 5(b) gives η c under different turbulence outer scale L out . Although a smaller L out corresponds to a smaller η c according to the local enlarged inset, the differences among curves are so slight that can be ignored. In other words, l in plays a more important role than L out in affecting η c .
Conclusions
In summary, we establish a theoretical model to investigate the parabolic fiber coupling of LG vortex beam in turbulent atmosphere. Based on the Rytov approximation for turbulence perturbation, the spatial vortex mode field and its coupling efficiency with fiber mode are derived in conditions of non-Kolmogorov turbulence. Numerical simulations reveal that LG beam in turbulence with small C 2 n and large l in suffers less decline of coupling efficiency.
To achieve efficient coupling, mode size matching is an important premise. This can be conducted by adjusting the transmitting beam waist or the focal length of receiving lens, to change the size of spatial mode or fiber mode correspondingly. In terms of the mitigation of turbulence adverse influences on coupling efficiency, long-wavelength LG beam with low-order OAM number and radial index is preferable. The research gives useful references for wireless-fiber coupling applications based on vortex beams.
